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A first example

void sign (double x){

if (x > 0.0) printf(” Positive”);
else if (x < 0.0) printf(”" Negative”);
else printf(”Zero”);

void main(){
double a = Ox1p—53 + Oxlp—64; // a =275 4276
double b = 1.0 + a — 1.0;
sign(b — a);

}
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A first example

void sign (double x){

if (x > 0.0) printf(” Positive”);
else if (x < 0.0) printf(”" Negative”);
else printf(”Zero”);

void main(){

double a = Ox1p—53 + Oxlp—64; // a =275 4276
double b = 1.0 + a — 1.0;
sign(b — a);

}

g.math:387 test.c

Sylvie Boldo and Thi Minh Tuyen Nguyen Hardware-independent proofs NFM 2010



A first example

void sign (double x){

if (x > 0.0) printf(” Positive”);
else if (x < 0.0) printf(”" Negative”);
else printf(”Zero”);

void main(){

double a = Ox1p—53 + Oxlp—64; // a =275 4276
double b = 1.0 + a — 1.0;
sign(b — a);

}

Negative g.math=387 test.c
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Architecture and rounding precision

m All current processors support |IEEE-754
m A floating-point arithmetic standard
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Architecture and rounding precision

m All current processors support |IEEE-754
m A floating-point arithmetic standard

m Some architecture-depend issues:
m x87 floating-point unit uses 80-bit floating-point registers (supported
by IA32 processors)
m may lead to double rounding (the floating-point results are rounded
twice)
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Architecture and rounding precision

m All current processors support |IEEE-754
m A floating-point arithmetic standard

m Some architecture-depend issues:

m x87 floating-point unit uses 80-bit floating-point registers (supported
by IA32 processors)
m may lead to double rounding (the floating-point results are rounded
twice)
m FMA(fused multiply-add) instruction supported by the PowerPC and
the Intel Itanimum architecture

m calculates (x X y & z) with a single rounding
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Architecture and rounding precision

m All current processors support |IEEE-754
m A floating-point arithmetic standard

m Some architecture-depend issues:

m x87 floating-point unit uses 80-bit floating-point registers (supported
by IA32 processors)

m may lead to double rounding (the floating-point results are rounded
twice)
m FMA(fused multiply-add) instruction supported by the PowerPC and
the Intel Itanimum architecture

m calculates (x X y & z) with a single rounding

—> introduce subtle inconsistencies between program executions
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Analyzing numerical program

Tools for analyzing numerical programs
m Abstract interpretation:
m Fluctuat, Astrée, etc.
m Frama-C:

m A framework for static analysis of C code
m Flexible: Easy to add a new plug-in

m Value analysis: plug-in based on abstract interpretation
B Jessie: deductive verification
m In Jessie: Easy to change the interpretation of floating-point
operation
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Frama-C and floating-point arithmetic

ACSL specification language

Annotated C program

} Frama-C/Jessie plug-in l

}WHY verification condition generatorl

Verification conditions

Automatic provers
(Alt-Ergo,Gappa,CVC3,etc.)
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Frama-C and floating-point arithmetic

Formal verification of FP Programs
Boldo and Filliatre(2007) @ ACSL specification language

} Frark\\-C/Jessie plug-in l

}WHY ver)'/‘//éation condition generatorl

Behavioral Properties of FP Programs

Ayad and Marché(2009)

Automatic

provers

(Alt-Ergo,Gappa,CVC3,etc.)
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Frama-C and floating-point arithmetic
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Frama-C and floating-point arithmetic

’nterpretation Rtion language
omputations

Formal verification of FP Programs
Boldo and FiIﬁIﬁiﬁéﬁtﬁ(gpp?)

vd . only follow the

. strict IEEE-754

’*I\W\R-C/Jessie pl

G

}WHY ver)'/‘//éation condition generatorl

Behavioral Properties of FP Programs

Ayad and Marché(2009) @

Automatic provers
(Alt-Ergo,Gappa,CVC3,etc.)
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Frama-C and floating-point arithmetic

.nterpretation Rtion language
omputations

Formal verification of FP Programs

Boldo and Filliatre(2007)
t

}WHY — /éatlon conditi States the rounding error of each
' floating-point computation whatever

the environment

e / Vonly follow the
. strict IEEE-754

Behavioral Properties of FP Programs |

m 64-bit rounding
Ayad and Marché(2009) ‘

. m 80-bit rounding
.l, m double rounding
= FMA

Automatic plevers
(Alt-Ergo,Gappa,CVC3,etc.)
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Outline

Floating-point arithmetic

Floating-point computations independent to hardwares and compilers

A case study

Conclusion and future work
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Floating-point arithmetic

Outline

Floating-point arithmetic
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Floating-point arithmetic

Floating-point number

A floating-point number x in a format (p, emin, €max) is represented by
the triple (s, m, e) so that

x=(-1)°x2°xm
mse {01}

B €min S € S €max

B 0 < m < 2, represented by p bits

Normal number vs. Subnormal number

D€min (2 _ 217p) % Demax

I 3 oo

‘X| > D Emin

X is normal number
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Floating-point number

A floating-point number x in a format (p, emin, €max) is represented by
the triple (s, m, e) so that

x=(-1)°x2°xm
mse {01}

B €min S € S €max

B 0 < m < 2, represented by p bits

Normal number vs. Subnormal number

D€min (2 _ 217p) % Demax
I L il

I 3 oo

-
|X‘ < 2 Emin

X is subnormal number
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Floating-point arithmetic

Rounding error

Absolute error vs. relative error

m Absolute error

m Relative error
x — o(x)

o(x) is the rounding value of x
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Rounding error

Absolute error vs. relative error

m Absolute error

m Relative error
x — o(x)

o(x) is the rounding value of x
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Floating-point arithmetic

Rounding error

Absolute error vs. relative error

m Absolute error

€(x) = [x = o(x)|

m Relative error
x — o(x)

o(x) is the rounding value of x
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Floating-point arithmetic

Rounding error

Rounding error in normal range

Rounding error in subnormal range

Use relative error

Use absolute error

X — O\ X
x=o| _ s R
X

**Using round-to-nearest mode
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Floating-point arithmetic

Rounding error

IEEE-754 double precision (64-bit rounding)
m precision p =53
m enin = —1022 and e = 1023

Rounding error in normal range

Rounding error in subnormal range

Use relative error

Use absolute error
x — o(x)

x <279 Ix —o(x)| < o (with o = 27107

**Using round-to-nearest mode
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Floating-point arithmetic

Rounding error

x87 (80-bit rounding)
m precision p = 64
B enin = —16382 and ey, = 16383

Rounding error in normal range

Rounding error in subnormal range

Use relative error

Use absolute error
x — o(x)

——| <27 x —o(x)| < B (with § = 271649)

**Using round-to-nearest mode
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Floating-point arithmetic

Double rounding

int main(){
double x = 1.0;
double y = 0x1p—53 + Oxlp—64;
double z = x + vy;

printf("z=%a\n" ,z);

}

C ‘
1 I Xer ‘1 _|_2—52

y = 2—53 4 2—64

[ ]
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Floating-point arithmetic

Double rounding

int main(){ 64-bit rounding

double x = 1.0;
double y = 0x1p—53 + Oxlp—64;
double z = x + vy;

printf("z=%a\n",z); ( z =1.0+2752 )

}

oealX + y)

| ‘
1 I Xer ‘1 _|_2—52
y = 2—53 4 2—64

gcc double_rounding.c

[ ]
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Floating-point arithmetic

Double rounding

int main(){
double x = 1.0;
double y = 0x1p—53 + Oxlp—64;
double z = x + vy;

printf("z=%a\n" ,z);

}

0(90[
+><

e |

1 I Xer ‘14_2—52

y = 2—53 4 2—64
gcc -mfpmath=387 double_rounding.c
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Floating-point arithmetic

Double rounding

int main(){
double x = 1.0;
double y = 0x1p—53 + Oxlp—64;
double z = x + vy;
stored in 80-bit register
printf("z=%a\n" ,z);

}

0(90[
+><

Y |

1 I Xer ‘14_2—52

y = 2—53 4 2—64
gcc -mfpmath=387 double_rounding.c
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Floating-point arithmetic

Double rounding

int main(){ Double rounding

double x = 1.0;
double y = 0x1p—53 + Oxlp—64;
double z = x + vy;

printf("z=%a\n" ,z); [ z=10 J

064 (0g0(x + y
O,
00[
+

K

(Y |

1 I Xer ‘1 _|_2—52
y = 2—53 4 2—64

gcc -mfpmath=387 double_rounding.c

}
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Floating-point arithmetic

Rounding error in double rounding

Based on 64-bit and 80-bit rounding, with o = 271022
X — 064(080()())‘ S ﬂ

B x| < a=|x—op(ogo(x))| < v

B x| >a=

with 3 = 2050 x 275
v = 2049 x 21086
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Hardware-independent proofs

Outline

Floating-point computations independent to hardwares and compilers
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Hardware-independent proofs

C expression
a= xxy +z
is interpreted as
O(x x y)
where [J is one of the following rounding:
m 64-bit rounding

m 80-bit rounding

m double rounding
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Hardware-independent proofs

C expression
a= xxy+z
is interpreted as

a= 0O(O(x xy) +2)

where [J is one of the following rounding:
m 64-bit rounding
m 80-bit rounding

m double rounding
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Hardware-independent proofs

Theorem 1

Theorem
For a real number x, let O(x) be either ogs(x), or ogo(x), or the double

rounding 064 (0g0(x)).
With a = 27'°%?, we have either

|x| > a and '%D(X)

< B and |0(x)| > «
or
|x] < aand |x —O(x)| < v and |0O(x)| < a.

with 8 = 2050 x 27%
vy = 2049 x 2710%
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Hardware-independent proofs

Theorem 1

Theorem

For a real number x, let O(x) be either ogs(x), or ogo(x), or the double
rounding 064 (0g0(x)).

With oo = 2712 we have either

b = v '%D(X) < 8 and |0(x)| > o

or
|x] < aand |x —O(x)| < v and |0O(x)| < a.

with 8 = 2050 x 27%
vy = 2049 x 2710%

proved in Coq
(Available at http://www.lri.fr/~nguyen/research/rnd_64_80_post.html)
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Hardware-independent proofs

Rounding error in presence of FMA

64-bit rounding

80-bit rounding

double rounding
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Hardware-independent proofs

Rounding error in presence of FMA

64-bit rounding

80-bit rounding

double rounding

"identity" rounding

O(x) = x
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Hardware-independent proofs

Rounding error in presence of FMA

64-bit rounding
FMA (Fused Multiply-Add)
o(x X y & 2)
80-bit rounding
double rounding
"identity" rounding
O(x) = x y
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Hardware-independent proofs
Rounding error in presence of FMA

64-bit rounding
FMA (Fused Multiply-Add)
o(x X y & 2)
80-bit rounding
double rounding OO(x x y) £ z)
"identity" rounding
O(x) = x ‘
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Hardware-independent proofs

Rounding error in presence of FMA

64-bit rounding

FMA (Fused Multiply-Add)

80-bit rounding

double rounding Dj: z)

"identity" rounding

"identity” rounding
O(x) = x y
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Hardware-independent proofs

Theorem 2

If we define each result of an operation by the formulas of Theorem 1,
and if we are able to deduce from these intervals an interval Z for the
final result, then the really computed final result is in T whatever the

architecture and the compiler that preserves the order of operations.
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final result, then the really computed final result is in T whatever the

architecture and the compiler that preserves the order of operations.

x1=axbhb
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Hardware-independent proofs

Theorem 2

If we define each result of an operation by the formulas of Theorem 1,
and if we are able to deduce from these intervals an interval Z for the
final result, then the really computed final result is in T whatever the

architecture and the compiler that preserves the order of operations.

x1=axbhb Theorem 1 X1 € Il(a, b)

Xp =x1 + ¢ Theorem 1 Xp € Iz(Xl, C)

Xp = Xp—1 ¥ d Theorem 1 X, € In(X,,_l, d)
Frama-C
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Hardware-independent proofs

Theorem 2

If we define each result of an operation by the formulas of Theorem 1,
and if we are able to deduce from these intervals an interval Z for the
final result, then the really computed final result is in T whatever the

architecture and the compiler that preserves the order of operations.

x1=axbhb Theorem 1 X1 € Il(a, b)
Xp =x1 + ¢ Theorem 1 Xp € Iz(Xl, C)
e
Xp = Xp—1 ¥ d Theorem 1 X, € In(X,,_l, d)
Frama-C Gappa
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Hardware-independent proofs

Theorem 2

If we define each result of an operation by the formulas of Theorem 1,
and if we are able to deduce from these intervals an interval Z for the
final result, then the really computed final result is in T whatever the

architecture and the compiler that preserves the order of operations.

/" Correct V compiler ™\
‘

“._ and architecture S
7 —
x1=axb Theorem 1 X1 € Il(a, b) /S
Xo =Xx1+¢C Theorem 1 Xp € Iz(Xl, C)
e
Xp = Xp—1 ¥ d Theorem 1 X, € In(X,,_l, d)
Frama-C Gappa
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A case study

A case study

KB3D(NASA Langley Research Center)

m An aircraft conflict detection and resolution program

m Formally proved correct using PVS (C. Mufioz, G. Dowek. .. )
m Provided the calculations are exact
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A case study

A case study

KB3D(NASA Langley Research Center)
m An aircraft conflict detection and resolution program
m Formally proved correct using PVS (C. Mufioz, G. Dowek. .. )
m Provided the calculations are exact

| \

Our case study
m Use a small part of KB3D

m Make a decision corresponding to value -1 and 1 to decide if the
plane will go to its left or its right

\
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int sign(double x) {
if (x>= 0) return 1;
else return —1;
}
int eps_line(double sx, double sy,double vx, double vy) {
int s1,s2;
sl=sign (sx*xvxtsyx*vy);
s2=sign (sx*xvy—syxvx);
return slxs2;

}

int main(){
double sx = —0x1.0000000000001p0; /] sx = —1—-27%2
double vx = —1.0;
double sy = 1.0;
double vy = Ox1.fffffffffffffp —1,; /] vy =1-27%
int result = eps_line(sx,sy,vx,vy);

printf(” Result = %d\n" ,result);

}
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sign(x)
int sign(double x) { 1
if (x>= 0) return 1;
else return —1; 0 x
} —_—-1
int eps_line(double sx, double sy, double vx, double vy) {
int s1,s2;
sl=sign (sx*xvxtsyx*vy);
s2=sign (sx*xvy—syxvx);
return slxs2;
}
int main(){
double sx = —0x1.0000000000001p0; /] sx = —1-—2752

double vx = —1.0;

double sy = 1.0;

double vy = Ox1.fffffffffffffp —1,; /] vy =1-27%
int result = eps_line(sx,sy,vx,vy);

printf(” Result = %d\n" ,result);

}
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int sign(double x) {
if (x>= 0) return 1;
else return —1;
}
int eps_line (double sx, double sy, double vx, double vy) {
int sl1,s2;
sl=sign (sx*vxtsy*vy);
s2=sign (Sx*Vy—sy*vXx );
return slxs2;

int main(){
double sx = —0x1.0000000000001p0; /] sx = —1-—27%2
double vx = —1.0;

double sy = 1.0;

double vy = Ox1.fffffffffffffp —1; /] vy =1-27%
int result = eps_line(sx,sy,vx,vy);

printf(” Result = %d\n" ,result);

}
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int s1,s2;
sl=sign (sx*xvxtsyx*vy);
s2=sign (sx*xvy—syxvx);
return slxs2;

}

int main(){
double sx = —0x1.0000000000001p0; /] sx = —1—-27%
double vx = —1.0;
double sy = 1.0;
double vy = Ox1.fffffffffffffp —1; /] vy =1-27%
int result = eps_line(sx,sy,vx,vy);

printf(” Result = %d\n" ,result);

}
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int sign(double x) {
if (x>= 0) return 1;
else return —1;
}
int eps_line(double sx, double sy,double vx, double vy) {
int s1,s2;
sl=sign (sx*xvxtsyx*vy);
s2=sign (sx*xvy—syxvx);
return slxs2;

}

int main(){
double sx = —0x1.0000000000001p0; /] sx = —1—-27%2
double vx = —1.0;
double sy = 1.0;
double vy = Ox1.fffffffffffffp —1,; /] vy =127
int result = eps_line(sx,sy,vx,vy);

printf(” Result = %d\n" ,result);

}
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int sign(double x) {
if (x>= 0) return 1;
else return —1;

gcc eps_line.c

int eps_line(double sx, double sy,doubfd\a/ M¥uble vy) {
int s1,s2;
sl=sign (sx*xvxtsyx*vy);
s2=sign (sx*xvy—syxvx); Result = 1
return slxs2;

}

int main(){
double sx = —0x1.0000000000001p0; /] sx = —1—-27%2
double vx = —1.0;

double sy = 1.0;

double vy = Ox1.fffffffffffffp —1,; /] vy =1-27%
int result = eps_line(sx,sy,vx,vy);

printf(” Result = %d\n" ,result);

}
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int sign(double x) {
if (x>= 0) return 1;
else return —1;

gcc -mfpmath=387 eps_line.c

int eps_line(double sx, d

int s1,s2;
sl=sign (sx*xvxtsyx*vy);
s2=sign (sx*xvy—syxvx); Result = -1
return slxs2;

}

int main(){
double sx = —0x1.0000000000001p0; /] sx = —1—-27%2
double vx = —1.0;

double sy = 1.0;

double vy = Ox1.fffffffffffffp —1; /] vy =1-27%
int result = eps_line(sx,sy,vx,vy);
printf(” Result = %d\n" ,result);

}
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//@ logic integer I_sign(real x) = (x >= 0.0) ? 1 : —1;
/*@ requires el<= x—\exact(x) <= e2;

@ ensures \abs(\result) <=1 &&

Q (\result = 0 ==> \result = |_sign (\exact(x)));x*/
int sign(double x, double el, double e2) {

if (x> e2) return 1;

if (x < el) return —1;

return 0;
}
/*Q@ requires

@ sx = \exact(sx) && sy = \exact(sy) &&

@ vx = \exact(vx) && vy \exact(vy) &&

@ \abs(sx) <= 100.0 && \abs ( y) <= 100.0 &&

@ \abs(vx) <= 1.0 && \abs(vy) <= 1.0;

@ ensures

@ \result = 0=

@ \result=l_sign (\exact(sx)x*\exact(vx)+\exact(sy)*\exact(vy))
(G ) x l_sign(\exact(sx)x\exact(vy)—\exact(sy)=*\exact(vx));
QOx

int eps_line(double sx, double sy, double vx, double vy){
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@ \abs(vx) <= 1.0 && \abs(vy) <= 1.0;
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Fle Configuration Proof

Alt-Ergo CVC3 Gappa H12: no_overflow_double(nearest_even, Ox1.9a0641p-45)
Proof obligations 0.8 2.2 0.12.3 Statistic| result2: double
(ss) H1=: double_of_real_polt(nearest_even, Ox1.9a0641p-45,
Functi 1 : : resultz)
b D::Zu{:nbzazhé:e @ @ 9 11 H14: no_overflow_double(nearest_sven, -double_value
1 . H (resultz))
Function eps_Lline § result3: double
13/13
Safety ° o o H1%: neg_double_post(nearest_even, result2, result3)
1. check FP overflow @ & ] Hi5: no_overflow_double(nearest_sven, Ox1.9a0641p-45)
P resultd: double
2o clizals G moerilos @ @ 2 H17: double_of_real_post(nearest_even, Oxl.9a084lp-45,
3. check FP overflow @ g o resulta)
4. check FP overflow @ [/} -] —
5. check FP overflow i @ 9 double_value(result3) == double_value(resultl)
6. precondition for user call % double_exact(resultl)
7. precondition for user call @ ) (%) /%@ requires b
8. check FP overflow e @ (V) @ sx \exact(sx) && sy \exact(sy) &&
9. check FP overilow ® @ ) @ wx \exact(vx) && vy \exact(vy) &&
i P @ \sbs(sx) == 100.0 && \sbs(sy) == 100.0 &&
10. check FP overflow @ : L ) @ ‘\abs(vx) == 1.0  && \abs(vy) == 1.0;
11. check FP overflow ] o (%] @ ensures
12. dition f A& P @ \result 1= 0
PIESERETAER T CEEr Gk o : o Q @ === \result == 1_sign{\exact(sx)*\exact{vx)+
13. precondition for user call. @ @ @ \exact (sy)*\exact (vy))
Function sign - g @ * 1_sign(hexact(sx])*\exact(vy)-\exact(sy)*
Default behavior 2 o O o6 hexact(vx));
1. postcondition @ Q @ e/
2. postcondition V) ] ] int eps_line(double sx, double sy,double wx, double vy){
3. postcondition @ g @ int sl,s2;
Zo prERREEnIh EEn 2 @ ©o Bl=sign(sx*vxtsy*vy, -Ox1.0a0841p-45, Ox1.9a0641p-45);
5. postcondition (] o o s2=sign(sx¥vy-sy*vx, -Ox1.9a0641p-45, Oxl.9a0641p-45);
6. postcondition @ Q (V]
return sl*s2;
< — B
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L copfinyretionig o) /%@ requires el<= x—\exact(x) <= e2;
B @ ensures \abs(\result) <=1 && )
Q@ (\result = 0 => \result = I_sign(\exact(x)));
Function eps_line @*/
Default behavior int sign(double x, double el, double e2) {
- Function eps_line if (X > 92) return 1;
safety if (x < el) return —1;
1. check FP overflo return 0;
2. check FP overflol }
3. check FP overfl — - A
4. check FP overflow (V] (%] @
S- * 2 double_value(result3) == double_valuelresultl) -
6 2 double_exact(resultl)

/*@ requires ~
@ sx == \exact(sx) && sy == \exact(sy) &&
@ wx == \exact(vx) && vy == \exact(vy) &&

5 @

2.

9. check FP overflow A C ]
; @ \abs(sx) == 100.0 && \abs(sy) == 100.0 &&
10. check FP overflow ® @ ‘\absi(vx) == 1.0 &% \abs(vy) == 1.0;
11. check . — @ ensures
2. precondition for user call: @ \result |=0
@ === \result == 1 sign(\exact(sx)*\exact{vx)+

3. precondition for user caU.: \exact(sy)*\exact (vy))

* 1_sign(\exact(sx)*\exact(vy)-\exact(sy)*
vexact(vx));

Function sigm
Default behavior

-]

[ ]
]
-]
@ B
@ s/6
-
]
@
]
-]
]

GoEaE@eCo C|lOOpOE

(C]

©

[}
1. postcondition @ @/
2. postcondition 2 int eps_line(double sx, double sy,double vx, double vyl{
3. postcondition [v] int s1,s2;
4. posteondition 2 Bil=sign(sx*vx+sy*vy, -Ox1.9a0841p-45, Ox1.9a0641p-45);
5. postcondition (] s2=sign(sx*vy-sy*vx, -Ox1.9a0841p-45, Ox1.9a0641p-45);
6. postcondition [v]

return sl*s2;
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ElaiconiourztionpgProct /%@ requires el<= x—\exact(x) <= e2;
m_— @ ensures \abs(\result) <=1 && )
Q@ (\result = 0 => \result = I_sign(\exact(x)));
Function eps_line @*/
Default behavior int sign(double x, double el, double e2) {
- Function eps_line if (X > e2) return 1;
safety if (x < el) return —1;
1. check FP overflol return 0;
2. check FP overflol }
3. check FP overfl ———— TESUTTS
4. check FP overflow (V] (] (V]
5 = . 2 double_value(result3) == double_walue(resultl) -
6 2 double_exact(resultl)

/*@ requires ~
@ sx == \exact(sx) && sy == \exact(sy) &&
wx == \exact(vx) && vy == \exact(vy) &&

5 @

8. check

9. check FP overflow A C ]

; \abs(sx) == 100.0 && \sbs(sy) == 100.0 &&
1 dligzzl: G el © \abs(vx) == 1.0 && \abs(vy) <= 1.0;
11. check L nsures

result I= 0

=== \result == 1_sign(\exact(sx)*\exact{vx)+
*exact(vy))

* 1_sign(\exact(sx)*\exact(vy)-\exact(sy)*

2. precondition for user call:

3. precondition for user call

Function sigm
Default behavior

GoEaE@eCo C|lOOpOE

[C]

c]

[}
1. postcondition @ . e/
2. postcondition (V) g H .

P : : | Strict IEEE-754: €2 = -el = Ox1p-45 |

3. postcondition @
Ao [ e 2 Bil=sign(sx*vx+sy*vy, -Ox1.9a0841p-45, Ox1.9a0641p-45);
5. postcondition @ s2=sign(sx*vy-sy*vx, -0x1.9a0841p-45, Ox1.9a0541p-45);
6. postcondition [v]

return sl*s2;
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Proof obligations

Function eps_line
Default behavior
Function eps_line
Safety

/%@ requires el<= x—\exact(x) <= e2;
@ ensures \abs(\result) <=1 &&
Q@ (\result = 0 => \result
Q@x/

int sign(double x, double el,
if (x > e2) return 1;
if (x < el) return —1;

double e2) {

I-sign(\exact(x)));

1. check FP overflol return 0;
2. check FP overflol }
3. check FP overfl o TESTTTH,
4. check FP overflow @ (] (V]
S- * 2 double_value(result3) == double_valuelresultl) -
6 2 double_exact(resultl)
< L /%@ requires
8. check & (V) @ sx == \exact(sx) && sy == \exact(sy) &&
9. check FP overflow ® @ o vx == \exact(vx) && vy == \exact(vy) &&
2 2 \abs(sx) == 100.0 && \sbs(sy] == 100.0 &&
10. check FP overflow ® : @ : o \abs(vx) <= 1.0 & \abs(vy) <= 1.9;
11. check ED ouaréten —a (%) nsures
7. dition f i [ @ result 1= 0
PIESERETAER T CEEr Gk o : o o ==> \result == 1_sign{\exact(sx)*\exact{vx)+
3. precondition for user call. @ @ @ ~ Y*\exact (vy) )
Function sigm - § g § * 1_sign(yexact(sx)®\exact(vy)-\exact(sy)*
Default behavior : 2 : @ : o :6/6 ;
1. postcondition . © 9 @ . e
2. postcondition H
2 _ |Arch—mdependent model: e2 = -el = 0x1.90641p-45
3. postcondition
o [PEEEEREA EHE S 9 @ 9. Sl=sign(sx*vxtsy*vy, -Ox1.5a0641p-45, Ox1.9a0641p-45);
5. postcondition 2 @ @ s2=sign(sx*vy-sy*vx, -0x1.9a0841p-45, Oxl.9a0541p-45);
6. postcondition @ :9: 0
return sl*s2;
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Conclusion and future work

Conclusion

An approach

m gives correct rounding errors whatever the architecture and the
choices of the compiler

m is implemented in the Frama-C for all basic operations with the
same conditions

m can be applied to single precision computation
m is proved correct in Coq
Drawback
m time to run a program verification (10s for a proof obligation)

m Incomplete: only proves rounding errors

Sylvie Boldo and Thi Minh Tuyen Nguyen Hardware-independent proofs NFM 2010



Conclusion and future work

Future work

m reduce time to run

m allow the compiler to do anything, including re-organizing the
operations
Example: if |e| < |x]
m(e+x)—x=0
met+(x—x)=e
m look into the assembly
m know the order of the operations
m know the precision used for each operation
m know if the architecture supports FMA or not

Sylvie Boldo and Thi Minh Tuyen Nguyen Hardware-independent proofs NFM 2010



Thank you for your attention!
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